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I. INTRODUCTION 
Let G be a finite group which is not cyclic of prime order. It is well 
known that G possesses a proper subgroup H such that IHI > (GI ‘j3. This 
result is due to a theorem of Brauer and Fowler on groups of even order 
[SF], and to the odd order [FT]. In this paper the following theorem is 
proved: 
THEOREM. Let G be a finite group which is not cyclic of prime order. 
Then G has a proper subgroup H such that ) HI 3 ) GI ‘12. 
The proof of the theorem uses the classification of the finite simple 
groups. Note that the result of the theorem is best possible since all proper 
non-trivial subgroups of a group of order p2, p a prime, are of order p. 
The notation is standard. For a group G, JG/ is the order of G, and 
K< G means K is a subgroup of G. For the finite groups of Lie type, the 
notation of [Cl] is used. 
The author is grateful to Gady Kozma and to the referee for their 
constructive remarks. 
II. PROOF OF THE THEOREM 
We first prove that the statement of the theorem holds if G is a 
non-abelian simple group. There are three cases to consider. 
Case 1. G= A,,, the alternating group, where n 2 5. Let H be a 
subgroup of G isomorphic to A,,- 1. Then IHI 2 IG1112, as required. 
*The content of this paper corresponds to a part of the author’s Ph.D. thesis research 
carried out in Tel-Aviv University under the supervision of Professor Marcel Herzog. 
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Case 2. G is a sporadic simple group. Table I lists for each sporadic 
group, the order of a maximal subgroup (in column 2), and the index of 
that maximal subgroup (column 3 j. The data contained in Table I is taken 
from [AT]. Looking at this table one can see that the theorem holds for 
these groups. 
Case 3. G is a simple group of Lie type. In this case, G has a BN pair, 
in particular: G = BNB, where B is a Bore1 subgroup of G, IV= N/(B n N) 
is the Weyl subgroup of G generated by a set (t.ri 1 ie I} of involutions (the 
index set Z is the one given in the BN pair definition, cf. [Cl, p. 1071). For 
JG Z, denote by P, the parabolic subgroup P, = BN,B of G, and by 
II’, = N,/(B n NJ) the corresponding parabolic subgroup of IV. 
Assume First that 1Z1 > 2. By the canonical form for the elements of G 
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[Cl, 8.4 and 14.11 we have (P,I = \BI C,,., u;, ql”“)) where I(\v) denotes the 
length of by. Hence, for IJI 2 1 we have 
2 I4 
&lBl IW.4’ (q+1)“IwJ12 
F IDA, and%> I(Bl; IN,(BnN)I =4- IW . 
Hence, the result will follow if one chooses a proper nonempty subset Jc I 
such that ((q + 1)*/4) 1 W,l’ > 1 WI, for each G considered. 
Table II lists for each group of Lie type, it’s Weyl subgroup K’, the order 
of IV, some maximal parabolic subgroup WJ of W, and the order of W, in 
columns 2 - 5, respectively. Using this table, one easily checks that except 
for the groups 2Fd(23) and 3D,(23), the later inequality holds for all 
simple groups of Lie type for which 111 22. If G = ‘F,(23), then IG/ = 
q24(q2-l)(q6+l)(q8-l)(q”+1), IB(=q24(q+1)2(q-1)2,(q2=23), and 
if G = 3D4(23), then IGI=ql*(q’-lj(q6-l)(q8+q4+1),lBl= 
qL2(q2 + q + l), (q = 2), and I B\* > IGI for these two groups. There is one 
exceptional case: G= *F4(2). In this case, the commutator subgroup of G 
is of index 2, and G’ is a simple group. See [AT, p. 741 for subgroups of 
order exceeding 1 G’I ‘/‘. 
There are four cases where 111 = 1 for the simple groups of Lie type: 
-41(sj 4 > 3, %,(q’) q > 2, *B2(q2) q* = 22”‘+1 m 3 1, ‘G,(q”) q2 = 3*“‘+’ 
m 3 1. The corresponding orders of these groups are ( l/d) q(q - 1 )(q + 1 j, 
d=(2,q-lj, (i/d)q3(q2-ij(q%ij, d=(3,q+lj, q-l(q*-ij(q4+1), 
q6(q2- l)(q6 + l), and the orders of their Bore1 subgroups are 
(l/d) q(q - l), (l/d) q3(q’ - l), q’(q* - l), q6(q’ - 1). Checking that the 
order of these subgroups exceeds IGI ‘!* completes the proof for the simple 
groups of Lie type. 
The theorem will be now proved. Let G be a counterexample of minimal 
order. If G is simple, the result follows from the above considerations. 
Hence we may assume G has a proper non-trivial normal subgroup N. If 
IG/N( is not a prime, it follows from the minimality of the order of G that 
/G/N1 has a subgroup H/N such that j H/N1 > IG/NI “*, and we have 
(HI > ICI ‘II, as required. Suppose now that /G/N1 = p is a prime. Since G 
is a counterexample, p > (GI I/*. Hence G is not a p-group. Let H be a Sylow 
p-subgroup of G. Then H is a proper subgroup of G, 1 HI > jG/ ‘I2 and the 
proof is complete. 
Note added in proof: We were recently informed that another proof of this result appears 
in: L. Finkelstein, D. Kleitman and T. Leighton, Applying the classification theorem for finite 
simple groups to minimize pin count in uniform permutation architectures, Proc. Aegean 
Workshop on Computing, 1988. 
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